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Electromagnetic Scattering From Vegetation
Cylindrical Components
V. Santalla del Rio, Member, IEEE, L. Abalde-Lima, and C. G. Christodoulou, Fellow, IEEE

Abstract—An approach for calculating electromagnetic scattering, valid in the near- and far-field regions, from a homogeneous finite cylindrical vegetation sample at oblique incidence is presented
and discussed. The proposed solution will help in taking into
account multiple scattering effects due to plant structure. It does
not require assumptions on the dimensions or electromagnetic
properties of the vegetation cylinder.
Index Terms—Forest remote sensing, scattering matrix.

I. I NTRODUCTION

A

CCURATE estimation of electromagnetic scattering from
vegetation is of interest for remote sensing applications
as well as for communications to improve attenuation calculations. Since many of the elemental scatterers found in vegetation media can be approximated by cylinders, computation of
electromagnetic scattering from cylinders at oblique incidence
is important.
In 1955, Wait [1] presented a general solution for the electromagnetic scattering from a homogeneous infinite circular cylinder, at oblique incidence. No assumptions about the complex
dielectric constant are made. The given solution is valid for the
entire space. Recently, this solution has been used in [2] to obtain the far-field scattering matrix of a finite dielectric cylinder
at oblique incidence. Being based on the solution for an infinite
cylinder, the solution proposed is valid for cylinders with large
length-to-radius ratios. This far-field solution has been widely
reviewed and validated in [3] and [4]. Also, it has been routinely
used when developing vegetation scattering models [5]–[7].
However, it cannot be used if vegetation elements are in the near
field of each other, and second-order scattering contributions
cannot be neglected [8], [9]. At low frequencies and/or for
some dense vegetation fields, as most cultivated crop fields are,
multiple scattering and near-field effects cannot be neglected.
The solution provided in [10] allows calculation of scattering
in the near field with respect to the cylinder length dimension
but requires the cylinder length to be long with respect to the
wavelength and, to be in the far-field region, with respect to
the cylinder diameter. In this letter, a new approach for finite
cylinder scattering calculations is explored. It is valid in both
whole near- and far-field regions, making in it a good solution
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for high and low frequencies when the vegetation elements are
close to each other and second-order scattering must be taken
into account. The approach to be presented considers an infinite
cylinder illuminated by a plane wave. The incident field on the
cylinder is “windowed,” so that it is zero outside the actual
finite length cylinder. Spectral decomposition of this field on
the cylinder surface and application of boundary conditions
allow obtaining the scattered field. The next section describes
the problem and discusses the approach to implementation,
pointing out its limitations and advantages. Then, in Section III,
the mathematical development of the approach is introduced.
Finally, results and conclusions are presented and discussed.
II. P ROBLEM AND A PPROACH D ESCRIPTION
The homogeneous finite length cylinder in the Cartesian
reference system (x̂, ŷ, ẑ) is shown in Fig. 1. The cylinder, with
length L, radius a, and relative complex dielectric constant r ,
is placed in free space.
Assuming an angular frequency w = 2πf and a time harmonic dependence of the form e−jωt (which has been suppressed for simplicity), the incident homogeneous plane wave
can be expressed as
√

 i = E0 · ejko k̂i r p̂i
E

(1)

where ko = w μo o is the free space wavenumber with μo and
o as the free space permeability and permittivity, respectively,
k̂i = sin θi cos φi x̂ + sin θi sin φi ŷ + cos θi ẑ is the unit vector
in the incident direction, and p̂i is the incident field polarization
unit vector. It can be either horizontal ĥi or vertical v̂i
ẑ × k̂i

= −sin φi x̂ + cos φi ŷ
|ẑ × k̂i |
v̂i = ĥi × k̂i = cos θi cos φi x̂ + cos θi sin φi ŷ − sin θi ẑ.

ĥi =

(2)

For the scattered field, the unit vector in the scattering direction
k̂s and its corresponding horizontal and vertical polarization
unit vectors ĥs and v̂s will be given by
k̂s = sin θs cos φs x̂ + sin θs sin φs ŷ + cos θs ẑ
ẑ × k̂s
= − sin φs x̂ + cos φs ŷ
ĥs =
|ẑ × k̂s |
v̂s = ĥs × k̂s = cos θs cos φs x̂+cos θs sin φs ŷ−sin θs ẑ.

(3)

Let us consider an infinite cylinder that contains the cylinder
of interest shown in Fig. 1. The scattered field from this infinite
cylinder can be calculated, as shown in [1] and [2] by applying
the boundary conditions on the cylinder surface and assuming
that both internal and scattered fields can be expressed as a sum
of cylindrical waves. By denoting the internal field inside the
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Fig. 1. Cylinder reference system.

 int and the scattered field outside it as E
 s,
infinite cylinder as E
the boundary conditions lead to


 int − E
 s |ρ=a = ρ̂ × E
 i |ρ=a
ρ̂ × E
(4)


 s |ρ=a = ρ̂ × H
 i |ρ=a
 int − H
(5)
ρ̂ × H
 int is expressed in terms of incoming cylindrical waves
where E
Rg Mn (kz , kcρ ) and Rg Nn (kz , kcρ ) [3]
 
∞
 m
 int =
Cn (kz )Rg Mn (kz , kcρ )
E
n=−∞

+ Cnn (kz )Rg Nn (kz , kcρ ) dkz (6)
and, correspondingly, the scattered field is expressed in terms
of outgoing cylindrical waves Mn (kz , kρ ) and Nn (kz , kρ )
 
∞
 m
s =
Sn (kz )Mn (kz , kρ )
E
n=−∞

+ Snn (kz )Nn (kz , kρ ) dkz (7)


√
where kcρ = kc2 −kz2 , kc = w μo o r , and kρ = k 2 −kz2 .
The coefficients of the scattered cylindrical waves Snm (kz )
and Snn (kz ) and those of the internal cylindrical waves Cnm (kz )
and Cnn (kz ) can be obtained from the boundary conditions if
the tangential components of the surface fields on the cylinder
due to the incident wave are known. For an incident plane wave,
which is vertically polarized, these are
 v (ρ = a) = ejkiz z ejkiρ a cos(φi −φ)
E
i



· cos θi sin(φi − φ)φ̂ − sin(θi )ẑ
 v (ρ = a) = k ejkiz z ejkiρ a cos(φi −φ) cos(φi − φ)φ̂
H
i
wμ

(8)

with kiz = ko cos θi and kiρ = ko sin θi . Moreover, for a horizontally polarized wave, the surface fields become
 h (ρ = a) = ejkiz z ejkiρ a cos(φi −φ) cos(φi − φ)φ̂
E
i
 h (ρ = a) = −k ejkiz z ejkiρ a cos(φi −φ)
H
i
wμ



· cos θi sin(φi − φ)φ̂ − sin(θi )ẑ .

(9)

Now, Snm (kz ), Snn (kz ), Cnm (kz ), and Cnn (kz ) can be easily calculated from the linear equation systems that result if
field expressions (6), (7), and (8) or (9) are substituted in the

equations given by the boundary conditions on the cylinder
surface. Thus, both internal and scattered fields from an infinite
cylinder are obtained as shown in [1]. Based on this solution,
an approximation for obtaining the scattered field from a finite
length cylinder was proposed in [2]. This solution, which is
valid in the far-field region, is based on integrating the internal field of the infinite cylinder inside the finite cylinder
using the Helmholtz integral equation. Since the internal fields
of the finite cylinder are approximated by the internal fields
of the infinite cylinder, this approximation is valid for finite
cylinders with large length-to-radius ratio. The same approach
was considered in [3], although here, the Helmholtz integral
is performed only over the cylindrical surface of the finite
cylinder, consequently neglecting radiation from the top ends.
The approximation to be proposed is different from those
proposed in [2] and [3]. In those cases, it was proposed “to
window” the internal field in the infinite cylinder to calculate
the scattered field from the finite cylinder, i.e., the internal fields
of the infinite cylinder that are outside the actual finite cylinder
of interest are neglected. In here, it is proposed “to window” the
incident field on the infinite cylinder surface before calculating
the scattered and internal fields of the infinite cylinder. That
is, any incident field on the infinite cylinder surface, outside
the cylindrical surface of the actual finite cylinder, will be
neglected. Evidently, this approach implies neglecting the scattering/radiation from the cylinder top ends and the diffracted
fields from the cylindrical surface limits of the finite cylinder.
Neglecting these contributions may be unacceptable for some
applications. However, if we consider the structure of most
vegetation media, where the elemental scatterers are connected
through their ends or to the ground and, thus, scattering from
these ends is not important as they are usually blocked by the
ground, other branches, or other smaller vegetation elements
as leaves, it looks reasonable to neglect those contributions. In
return, the scattered field solution will be valid in the near- and
far-field regions.
III. A PPROXIMATION TO THE S CATTERED
F IELD F ROM A C YLINDER
Considering the proposed approach, the boundary conditions
to be met on the cylinder surface can be expressed as


 i,
|z| <= L/2, ρ = a (10)
 int − E
 s = ρ̂ × E
ρ̂ × E
0,
|z| > L/2, ρ = a


 i,
|z| <= L/2, ρ = a (11)
 int − H
 s = ρ̂ × H
ρ̂ × H
0,
|z| > L/2, ρ = a.
Since both internal and scattered fields of the cylinder surface
are expressed in terms of cylindrical functions, i.e., in terms
of exponential functions of z and φ, to obtain the scattered
field from solving for the boundary conditions (10) and (11),
the fields on the cylinder surface need to be expanded in terms
of exponential functions on z and φ. This can be achieved by
means of the transformation pair
∞ 
∞
 (z, φ) =
V
Fn (kz )ejkz z ejnφ dkz
−∞ n=−∞
∞ π

1
Fn (kz ) = 2
4π

−∞ −π

 (z, φ)e−jkz z e−jnφ dφ dz.
V

(12)
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Doing so, for the proposed approach, the tangential components of the incident electric and magnetic fields on the cylinder
surface can be expressed as
 v (ρ
E
i

∞ 
∞

= a) =

Fnv (kz )ejkz z ejnφ dkz

(13)

Fnh (kz )ejkz z ejnφ dkz

(14)

−∞ n=−∞

 h (ρ
E
i

∞ 
∞

= a) =

−∞ n=−∞

∞ 
∞

 v (ρ = a) =
H
i

k h
Fn (kz )ejkz z ejnφ dkz
wμ
n=−∞

(15)

∞ 
∞
−k  v
Fn (kz )ejkz z ejnφ dkz
wμ
n=−∞

(16)

−∞

 h (ρ = a) =
H
i

−∞

where Fnv (kz ) and Fnh (kz ) have been found to be
n

j
Fnv (kz ) = e−jnφi Jn (kiρ )L sinc
2π
· cos θi

n
kiρ a

(kz − kiz )L
2π

(17)

Fig. 2. Scattered electric field magnitude in the near field for cylinder 1.
(Dark lines) MM method. (Light lines) Proposed approximation of this letter.

In the far-field region, as kr → ∞, the solution found for the
scattered field can be simplified. Considering the approximation
of the outgoing cylindrical wave functions in the far-field region
[3], the integral in (7) can be evaluated using the stationary
phase method, and it is finally found that the scattered field in
the far-field region is given by
∞ 


s =
E

φ̂ − sin θi ẑ

kr→∞

Snm (k cos θs )φ̂ + Snn (k cos θs )θ̂

n=−∞
jkr
) ejnφs k sin θ e .
s
r

(kz − kiz )L
j (n−1) −jnφi 
Fnh (kz ) =
e
Jn (kiρ a)L sinc
φ̂. (18)
2π
2π

· e−j (

Then, in the case of a vertically polarized incident wave, the
application of the boundary conditions will lead to
⎤
⎤ ⎡ v
⎡ m
Sn (kz )
Fn · ẑ
⎢ S n (k ) ⎥ ⎢ Fnv · φ̂ ⎥
⎥
(19)
MBC ⎣ nm z ⎦ = ⎢
⎣
⎦
Cn (kz )
0
Cnn (kz )
jk Fnh · φ̂

IV. R ESULTS AND D ISCUSSION

while if a horizontally polarized incident wave is considered,
the system to solve will be
⎤
⎤ ⎡
⎡ m
0
Sn (kz )
h
⎢ S n (k ) ⎥ ⎢ Fn · φ̂ ⎥
⎥.
MBC ⎣ nm z ⎦ = ⎢
(20)
⎣
−jk Fnv · ẑ ⎦
Cn (kz )
Cnn (kz )
−jk Fnv · φ̂
Once the coefficients Snm (kz ) and Snn (kz ) have been obtained, the approximated scattered field at any ρ > a can be
calculated from (7).

⎡

MBC

0
⎢
⎢ kρ Hn (kρ a)
=⎢
⎣ −kρ2 Hn (kρ a)
nkz
a Hn (kρ a)

kρ2
k Hn (kρ a)
nkz
ka Hn (kρ a)

−

0
kkρ Hn (kρ a)



nπ
2

(22)

Results of the proposed method, in both near- and farfield regions, have been obtained for different cylinders that
approximate vegetation stalks, branches, and trunks. In general,
these vegetation elements are significantly longer than thicker,
with trunks and primary branches much thicker than stalks
or secondary branches. Three different cylinders, i.e., 1, 2,
and 3, with respective lengths of 0.9, 0.16, and 0.14 m and
radii of 0.008, 0.002, and 0.026 m, representative of vegetation
elements, have been considered.
The dielectric constant has significant variations depending
on the growth stage of the plant and humidity [11]. A complex
dielectric constant, typical of vegetation, of 18 + j6 [4] has
been considered. Similar results were obtained for other values
of permittivity and conductivity within the actual range for
vegetation. As for the incident wave, a plane wave of 1.5, 3,
or 5.3 GHz has been assumed, and vertical and horizontal
polarizations have been considered.

0
−kcρ Jn (kcρ a)
2
kcρ
Jn (kcρ a)
nkz
− a Jn (kcρ a)

2
kcρ
kt Jn (kcρ a)
z
− nk
kc a Jn (kcρ a)

0
−kcρ kc Jn (kcρ a)

⎤
⎥
⎥
⎥
⎦

(21)
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Fig. 3. Scattered electric field magnitude in the near field for cylinder 2.
(Dark lines) MM method. (Light lines) Proposed approximation of this letter.

Fig. 5. Scattered electric field magnitude in the near field for cylinder 3.
(Dark lines) MM method. (Light lines) Proposed approximation of this letter.

Fig. 4. Scattered electric field magnitude in the near field for cylinder 2.
(Dark lines) MM method. (Light lines) Proposed approximation of this letter.

Fig. 6. Scattered electric field magnitude in the near field for cylinder 3.
(Dark lines) MM method. (Light lines) Proposed approximation of this letter.

In the near-field region, the electric field has been calculated
with the method proposed in this letter and using the moment
method (MM). The scattered electric field in the near-field
region has been calculated along constant x-lines in the ZX
plane. The results are shown in Figs. 2–6.
The results of the proposed approach for cylinder 1 (Fig. 2)
present very good agreement with the MM results. Although
results are presented only for 3 GHz, the same accuracy was
found at 1.5 and 5.3 GHz.
Figs. 3 and 4 show the results for cylinder 2 at 1.5, 3, and
5.3 GHz. Although agreement is quite good, some differences
are observed between the MM results and the results of the
proposed approach of this letter. These differences are due to
numerical problems that occur for very small cylinder-radius-towavelength ratios since the matrix in (21), shown at the bottom
of the next page becomes ill posed. These numerical problems
may limit the applicability of the method for very thin cylinders.
More studies are required to establish more definite limits.
With regard to Figs. 5 and 6, the differences observed at
z-values near the edge of the cylinder are due to the scattering/
radiation from the cylinder top ends and the diffraction at the

borders. The approach in here does not include these contributions while the MM does. These contributions become noticeable if cylinder top ends and lateral surfaces are comparable
in size, as it is the case for cylinder 3. Then, as already pointed
out, the proposed approach should be used only when scattering
from the cylinder top ends can or should be neglected, which is
the case for most vegetation samples due to the plant structure.
Results in the far-field region are shown in Figs. 7 and 8.
Bistatic scattering has been calculated for cylinders 1 and 2 with
the method presented here (22) and with the infinite cylinder
approximation methods as derived in [2] and [3]. Very good
agreement is found, in all cases, for the specular scattering lobe,
which is the most significant when analyzing scattering from
vegetation.
Finally, it is important to point out the main differences
between the approximation proposed in here and the previous methods used for the calculation of the scattered field
by a homogeneous circular cylinder. Different methods have
been employed depending on the cylinder characteristics and
the point where fields are required. If the scattered field in
the far field is of interest, the semianalytical infinite cylinder
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with comparable accuracy if cylinder top-end scattering can be
neglected. Moreover, it may be of help to account for multiple
scattering between elements in the near field of each other, if
discrete coherent scattering models are to be used.
V. C ONCLUSION

Fig. 7.

VV bistatic scattered coefficient.

A new semianalytical approximation for calculating the scattered fields from finite and homogeneous circular cylinders, in
the near- and far-field regions, has been proposed. This approximation neglects the scattering/radiation from the cylinder top
ends and the diffraction at the cylinder edges. Despite this, its
application to plant scattering calculation is justified because
of the plant structure. Scattering results, in the microwave
bands, shown for cylinders with typical vegetation parameters
are in good agreement with the MM results obtained for the
near field and the infinite cylinder method results obtained
for the far field.
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Fig. 8.

HH bistatic scattered coefficient.
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